The NCGLE (Eq. (17) in the manuscript)
The NCGLE (Eq. (17) in the manuscript)
admits as solution oscillations of the form 
The stability of the uniform oscillation (Q = 0, |a 0 | = 1, ω 0 = −c 2 ) can be studied by perturbing the NCGLE in the same way as it is done with the CGLE [1] . By putting
in Eq.
(1) and neglecting terms in the perturbation ∼ ∆∆, ∼ ∆∆, ∼∆∆ (the bar denotes complex conjugation) from second order on, we obtain
If we do the Fourier transform of the latter equation, we obtain for the mode with wavenumber q
where ∆ q and∆ q are the Fourier transforms of ∆ and∆ respectively. By taking the complex conjugate of Eq. (6) we obtain
We can write Eqs. (6) and (7) in matrix form as
where
. The diagonalization of the matrix on the r.h.s. yields a quadratic characteristic equation whose solution are the eigenvalues 
− is the relevant quantity considered in the manuscript, Eq. (18).
CALCULATION OF c 1 AND c 2 FOR A N-TYPE NEGATIVE DIFFERENTIAL RE-SISTANCE (NNDR) OSCILLATOR
We can calculate c 1 and c 2 for the dynamics of the two-variable NNDR oscillator specified by
By making the transformation t → −1 t we can write this dynamics equivalently as
or, in vector form, as
with the nonlocal coupling is specified in this system by the coupling matrix
The Jacobian matrix of the homogeneous dynamics at a stationary state (variables evaluated at this state have superscript 0) reads
At the stationary state, because of Eqs. (13) and (14) the following expressions hold for the homogeneous dynamics
In the following we consider the control parameter U at the Hopf bifurcation, U H . By expanding the Jacobian matrix in powers of a small deviation from the Hopf curve µ =
for the Jacobian matrix in the perturbation expansion close to criticality.
It is now easy to evaluate L 0 by replacing in L the parameter values and stationary states at the Hopf curve. At this curve, it is satisfied that the trace of L vanishes and therefore, the following analytical expression holds
By using Eqs. (17), (19) and (21) we obtain
The next term of the Jacobian in the µ-expansion L 1 can be calculated by using Eqs.
(17) and (18) as follows
By carrying out the derivatives on the function f (φ 0 DL ) and by replacing the expression that holds at the Hopf curve, Eq. (21) we finally obtain
where we have dropped the label H with the understanding that all parameters and variables are evaluated at the Hopf curve.
The frequency of the homogeneous mode ω 0 can be calculated from the absolute value of the imaginary part of the critical dominant eigenvalue at the Hopf bifurcation obtained by diagonalizing L 0 . This frequency and the left and right eigenvectors corresponding to the purely imaginary eigenvalue are obtained respectively as
so that UU * = U * U = 1. We can now calculate the complex number controlling the coupling strength in the NCGLE as
Parameter c 1 can then be obtained as
We can now estimate relevant quantities to calculate c 2 , the coefficient accompanying the nonlinear term in the NCGLE. For any vectors a, b, c
where L ij are the matrix elements of the Jacobian, Eq.(17). These expressions allow us to
and then c 2 can be obtained from the expression
The Hopf curve can be calculated numerically for the NNDR system. This yields the values for φ 0 DL , c 0 , U and σ c on the curve. All above expressions depend on these four quantities, and by inserting the corresponding numerical values, we obtain the curve in the c 1 − c 2 plane (Fig. 4 in the manuscript) .
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